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ON THE LP-THEORY OF ANISOTROPIC SINGULAR 
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Abstract. In this article we give an extention of the L^—theory of anisotropic 
singular perturbations for elliptic problems. We study a linear and some non¬ 
linear problems involving LP data (1 < p < 2). Convergences in pseudo 
Sobolev spaces are proved for weak and entropy solutions, and rate of conver¬ 
gence is given in cylindrical domains 


1. Introduction 

1.1. Preliminaries. In this article we shall give an extension of the theory 
of the asymptotic behavior of elliptic, anisotropic singular perturbations problems. 
This kind of singular perturbations has been introduced by M. Chipot [6]. From the 
physical point of view, these problems can modelize diffusion phenomena when the 
diffusion coefficients in certain directions are going toward zero. The theory of 
the asymptotic behavior of these problems has been studied by M. Chipot and many 
co-authors. First of all, let us begin by a brief discussion on the uniqueness of the 
weak solution ( by weak a solution we mean a solution in the sense of distributions) 
to the problem 

r -div(AVu) = / 

u = 0 on dfl 

where il C K^, iV > 2 is a bounded Lipschitz domain, we suppose that / G 
LP{V,) {1 < p < 2). The diffusion matrix A = (aij) is supposed to be bounded and 
satisfies the ellipticity assumption on fl ( see assumptions and ([3]) in subsection 
1.2). It is well known that ([1]) has at least a weak solution in WQ^’^(n). Moreover, 
if A is symmetric and continuous and dH. G [2] then ([1]) has a unique solution in 
II)j’^(f2). If A is discontinuous the uniqueness assertion is false, in [15] Serrin has 
given a counterexample when A > 3. However, if A = 2 and if is sufhciently 
smooth and without any continuity assumption on A, (|T]) has a unique weak solution 
in Wq^’^(H). The proof is based on the Meyers regularity theorem (see for instance 
m)- To treat this pathology, Benilin, Boccardo, Gallouet, and al have introduced 
the concept of the entropy solution [1] for problems involving data (or more 
generally a Radon measure). 
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For every k > 0 We define the function : R —5> R by 




s , |s| < A: 
ksgn{x) |s| > k 


And we define the space introduced in [4]. 

{ u : —)• R measurable such that for any fc > 0 there exists 

((/)„) C -ffo(ri) : (jJn Tk{u) a.e in n 
and (V(/)„)„gN is bounded in L^(r2) 

This definition of Tq'^ is equivalent to the original one given in [4] .In fact, this 
is a characterization of this space [J]. Now, more generally, for / G we have 

the following definition of entropy solution [4] . 


Definition 1. A function u GTq 


• 1.2 


(n) is said to be an entropy solution to (QP if 


AVu ■ 's/Tk{u — (p)dx < / fTk{u 


(p)dx, ip G T’(fl), k > 0 


We refer the reader to [4] for more details about the sense of this formulation. 
The main results of [4] show that o has a unique entropy solution which is also 
a weak solution of ([1]) moreover since is bounded then this solution belongs to 




N 

^ — ' N-1 


l<r<-, 


1.2. Description of the problem and functional setting. Throughout this 
article we will suppose that / S 1 < p < 2, (we can suppose that / ^ L^(il)). 

We give a description of the linear problem (some nonlinear problems will be studied 
later). Consider the following singular perturbations problem 

f - div(A,Vu,) = / , . 

1 Me = 0 on dfl ’ ' ' 


where is a bounded Lipschitz domain of R^. Let q G N*, N — q > 2. We denote 
by a: = (xi, ...,xn) = (Ai, A 2 ) G R^ x R^“'3 i.e. we split the coordinates into two 
parts. With this notation we set 


v = (d,,,...,a,^)^ = 




where 


Vxi = and Vx 2 = (9a:,+i, 

Let A = {aij{x)) he a N x N matrix which satisfies the ellipticity assumption 
3A > 0 : ■ ^ > A G R^ for a.e x G n, (3) 


a„(x) GL°°(fI),Vi,j = l,2,....,iV, 
We have decomposed A into four blocks 

A=( ) , 

\ A21 A22 J 


( 4 ) 
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where An, A 22 are respectively q x q and {N — q) x {N — q) matrices. For 
0 < e < 1 we have set 

A,= ( ) 

y 6^21 A 22 J 

We denote flxi — {X 2 S : (Xi,X 2 ) G fl} and 17^ = Pifl where Pi : ^ 

is the usual projector. We introduce the space 

I uGLP(^})lVx,uGLP(n), ) 

^ { and for a.e Xi e n\u(Xi, •) S Wo’^(fix,) j 

We equip Vp with the norm 

ll^llup = (ll«llLp(n) + l|V-^2w|lip(n))’’ : 

then one can show easily that (Vp, H-Hy ) is a separable reflexive Banach space. 
The passage to the limit (formally) in Q gives the limit problem 


J - divx2(^22Vx2Wo(-^i, •)) = / (-^1) •) 

( Mo(-^i)') = o on ^rixi Xi G 


The L^-theory (when / G L^) of problem ([2]) has been treated in [8], convergence 
has been proved in V 2 and rate of convergence in the norm has been given. For 
the theory of several nonlinear problems we refer the reader to [9].|10).[l4]. 
This article is mainly devoted to study the theory of the asymptotic behavior 
of linear and nonlinear singularly perturbed problems. In other words, we shall 
study the convergence —S' uq inl^ (Notice that in [^, authors have treated some 
problems involving PP data where some others data of the equations depend on p, 
one can check easily that it is not the LP theory which we expose in this manuscript). 
Let us briefly summarize the content of the paper: 

• In section 2: We study the linear problem, we prove convergences for weak 
and entropy solutions. 

• In section 3: We give the rate of convergence in a cylindrical domain when 
the data is independent of Xi. 

• In section 4: We treat some nonlinear problems. 


2. The Linear Problem 

The main results in this section are the following 

Theorem 1. Assume (0), ^ then there exists a sequenee (u^ )o<.<i c 

of weak solutions to (0) and uq € Vp such that eXXiUe —>■ 0 m LP(Vt), —>■ uq in 

Vp where uq satisfies (0) for a.e Xi G 

Corollary 1. Assume m, ® then if A is symmetric and continuous and dfl G , 
then there exists a unique uq G Vp such that uoiXi; •) is the unique solution to (0) 
in WQ^’^(f2xi) for a.e Xi. Moreover the sequence (ite)o<e<i of the unique solutions 
(in Wg^’^(n)J to (0) converges in Vp to uq and eXx^Ut —>■ 0 m LP(Vt). 

Proof. This corollary follows immediately from Theorem 1 and uniqueness of the 
solutions of ([2]) and (O as mentioned in subsection 1.1 (Notice that 9flxi G C ^). □ 
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Theorem 2. Assume (0), 0 then there exists a unique uo GVp such that uo(Xi, •) 
is the unique entropy solution of W- Moreover, the sequence of the entropy solu¬ 
tions (ue)o<e<i of (0) converges to uq in Vp and eVXiUe —>• 0 m LP{n). 

2.1. Weak convergence. Let us prove the following primary result 

Theorem 3. Assume (0), @1 then there exists a sequence (ue,.)ken C lTQ^’^(r2) of 
weak solutions to ^ (ck —s-O as k ^ oo) and uq € Vp such that ^ 

^ 0, Uek Uq in LP{n — weak, and uq satisfies for a.e Xi € 17^. 

Proof. By density let {fn)nGN C Lf{kl) be a sequence such that /«—>■/ in 

we can suppose that Vn S N :||/n|lip < -W, M > 0. Consider the regularized 

problem 

uf G Hq{V,), I AfVuf ■ V(pdx = I fn'pdx , tpG'D^n) ( 6 ) 

Jq Jq 

Assumptions © and m shows that uf exists and it is unique by the Lax- 
Milgram theorem. (Notice that uf also belongs to ITg^’^(n)). We introduce the 
function 

t 

e{t) = j {i + \s\Y-‘^ds,tGM. 

0 

This kind of function has been used in m- We have 0'{t) = (1 + |t|)P ^ < 1 and 
6>(0) = 0, therefore we have 9{u) G Hq{Q) for every u S Hl{Vl). Testing with 9{uf) 
in (|ni) and using the ellipticity assumption we deduce 

Ae^ [ (l + Klf + A [ (1 + Klf |Vxa<|'dx 

JQ JQ 

< [ fn9{uf)dx < [ \u \(1 + K\y-^dx, 

Jq P - 1 An 

where we have used |0(t)| < —• In the other hand, by Holder’s inequality 

we have 

[ \Vx,u^fdx< ( [ {l + Kir-^lVx.ufl^dxY ( [ (l + Klfdx) 

JQ \JQ J \JQ J 

From the two previous integral inequalities we deduce 

I'Vx^uff dx < \fn\ (1 + \uZ\f~^dx'^ X 

By Holder’s inequality we get 

l|Vxa<ILp(n) < (i|^) ' (/^(l + Klfdx'^ 

Using Minkowki inequality we get 

II^ATaWg IIlp(Q) < C{1 + ||u^ llLP(n))’ 


( 7 ) 
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Thanks to Poincare’s inequality < Ca ||Vx 2 u"||j;^p(q) we obtain 

I|Vx 2<I|L(0) < C'(l + ||Vx2<ILp(0)), 

where the constant C depends onp, A, mes(f2), M and Cn- Whence, we deduce 

ll<llLP(n) > l|VA2<ILp(n) < C” (8) 

Similarly we obtain 


lleVx i^rilLP(a) ^ C"", 

where the constants C", C" are independent of n and e, so 


(9) 


lllULP(n) ^ 


Const 


( 10 ) 


Fix e, since is reflexive then (fTOl) implies that there exists a subsequence 

and Ue G WQ^’^(r2) such that Wg^’^(n) (as I —>■ oo) in 

VF^’*’(n)—weak. Now, passing to the limit in ([6]) as 1 —)► oo we deduce 


/ A^Vue ■ V(pdx = / fifidx , (fi € X>(f2) 


( 11 ) 


JCl JQ 

Whence is a weak solution of m (uc = 0 on tin in the trace sense of 
functions, indeed the trace operator is well defined since dfl is Lipschitz). 
Now, from (|5]) and m we deduce 


||Me|lLP(n) < 




< C" 

Lp(n) 


and similarly we obtain 


||eVxiUe||iP(f2) , IIVx2'f^e|lLP(n) — ^ 

Using reflexivity and continuity of the derivation operator on V'{n) one can 
extract a subsequence {uek)keN such that WVX 2 U 0 , efcVxiU)), ^ 0, Ue,^ 
uo in LP(U) — weak. Passing to the limit in (fTT|l we get 


/ A 22 '^ X 2 U 0 ■ V X 2 ‘pdx = / f(pdx , ip&V{Vl) (12) 

Jn Jn 

Now, we will prove that Uq € Vp. Since ^x 2 ^<Lk X 2 '^o and Uq in 

LP(U) — weak then there exists a sequence (C/„)„gN C conz;({uej,}^gpj) such that 
VjCjUn —>■ VX 2 W 0 in LP{Q) — strong, where conu({Mej,}^gpj) is the convex hull of 
the set Notice that we have C/„ G Wq^’^(U) then -up to a subsequence- 

we have Un{Xi,-) G Wo^’^(Uxi), a.e Xi G And we also have -up to a 

subsequence- Xx 2 Un{Xi,-) —>■ Vx 2 'ao(-^i, ■) in Lp(Uxi) — strong a.e Xi G 
Whence uo{Xi,.) G WQ^’*’(r2xi) for a.e Xi G so uq G Vp. 

Finally, we will prove that uq is a solution of ([5]). Let A be a Banach space, a 
family of vectors {en}„gf!j in E is said to be a Banach basis or a Schauder basis of E 

00 

if for every x £ E there exists a family of scalars (a„)ngN such that x = o-nem 

n—0 

where the series converges in the norm of E. Notice that Schauder basis does not 
always exist. In [UP. Enflo has constructed a separable reflexive Banach space 
without Schauder basis!. However, the Sobolev space Wq’’’ ( 1 < r < 00 ) has a 
Schauder basis whenever the boundary of the domain is sufficiently smooth m- 
Now, we are ready to finish the proof. Let {Ui x U)ieN be a countable covering of U 
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such that Ui X Vi C where Ui C Vi C are two bounded open domains, 

where dVi is smooth (Vi are Euclidian balls for example), such a covering always 
exists. Now, Hx ijj G 2^(1^) then it follows from (jT^ that for every (p G ^(Ui) we 
have 



^22^X2U0 • VX:i4’dX2 



fHX2 


Whence for a.e Xi G Ui we have 



X22(Xi, ■)Vx^uoiXi^ •) • Vx2'4’dX2 



fiXi,-)^dX2 


Notice that by density we can take ijj S (Vi) where p' is the conjugate of 
p. Using the same techniques as in [8], where we use a Schauder basis of (Vi) 
and a partition of the unity, one can easily obtain 



A22(Xi, ■)Xx2Uo{Xi, •) • Xx2fdx 



f{Xi, ■)pdx, p G v{n), 


for a.e Xi G Finally, since uo(Xi,-) G Wg^’^(Uxi) (as proved above) then 
uo(Xi,-) is a solution of ([S]) (Notice that Vlxi is also a Lipschitz domain so the 
trace operator is well defined). □ 


2.2. Strong convergence. Theorem 1 will be proved in three steps, the proof 
is based on the use of the approximated problem (l6|). In the first step, we shall 
construct the solution of the limit problem 

Stepl : Let u” G i2o(^) be the unique solution to ([6]), existence and uniqueness 
of u" follows from assumptions ([3]), (|1|) as mentioned previously. One have the 
following 

Proposition 1. Assume m, w then there exists (uJOngN C V 2 such that eu" —>• 0 
in L^(fl), u" ^ Uq in V 2 for every n G N, in particular the two convergences holds 
in LP(fl) and Vp respectively. And Uq is the unique weak solution in V 2 to the 
problem 

I divx2(A22(Xi,-)Xx2uE(Xi,-)) = fn(Xir),XiGn^ , , 

\ u^(Xi,-) = 0 ^ ^ 

Proof. This result follows from the theory (Theorem 1 in [8]), The convergences 
in Vp and L^’(O) follow from the continuous embedding V 2 ^ V^; L^(0) ^ U'{Vl) 

(p < 2). □ 


Now, we construct uq the solution of the limit problem Testing with 

p = 0 (uq(Xi, ■)) in the weak formulation of (|T3l) (0 is the function introduced 
in subsection 2.1) and estimating like in the proof of Theorem 3 we obtain as in ([7|) 


< 


||Vx.<(Xi,.)IL.(o,^) 
/ WfniXi, •)llLP(nxi) \ ^ 


{l + \u^(X,,-)\rdX2 


(14) 
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Integrating over and using Cauchy-Schwaz’s inequality in the right hand side 
we get 

||Vx.<||ip(0) < C- ||/n|li(o) (/^(l + Klfdx^ ' 

and therefore 

II^a:2'*^o IILP(n) ^ C' (1 + ll'^o llLP(n)) 

Using Poincare’s inequality ||wollLP(n) — II^YaWo llLP(n) ( which holds since 
Uq{Xi, •) e Wg^’^(f2xi) a.e Xi G one can obtain the estimate 

IKIlLp(n) ^ C*" for every n G N, (15) 

where C" is independent of n. Now, using the linearity of the problem and (1131) 
with the test function 9{uq{Xi, •) — •)), m,n G N one can obtain like in (fHl) 

||Vx2«(^i,-)-<(^i,-))ILp(a.j 

||/n(^l) •) ~ fmiXi, •)llLP(ax^) 

\{p - 1) 

[ (l + K(Xi,.)-<(Xi,.)|)^dX2 

J Oxi 




integrating over and using Cauchy-Schwarz and m yields 

||VX2« - ^r^)llLP(o) < C ||/„ - /™|lt(n) ^ 

where C is independent of m and n. The Poincare’s inequality shows that 

ll<-<llu, <(^'ll/n-/m|li(a) 

Since (/n)nGN is a converging sequence in LP(fl) then this last inequality shows 
that (wg)„gN is a Cauchy sequence in V),, consequently there exists uq € Vp such 
that Uq —>■ uo in 1^. Now, passing to the limit in ([6]) as e —>• 0 we get 

J A22Vx,zto ■ Vx,‘pdX2 = J fnpdX2, ip G V{n) 

n o 

Passing to the limit as n —>■ oo we deduce 

[ ^22Vx2Wo • Vx2PdX2 = [ fpdX2, P G V{Q) 

JQ JQ 


Then it follows as proved in Theorem 3 that uq satisfies ©■ Whence we have 
proved the following 

Proposition 2. Under assumption of Proposition 1 there exists uq G Vp solution 
to (0) such that Uq uq in Vp where (Mg)nGN is the sequence given in Proposition 
1 


Step2 : In this second step we will construct the sequence (Me)o<e<r solutions 
of dD), one can prove the following 
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Proposition 3. There exists a sequence {ue)o<e<i C Wo^’^(f2) of weak solutions to 
(0) such that uf —>■ Ue in for every e fixed. Moreover, uf —)■ Me inVp and 

eVjfaU" ^ eVjfaUe, Uniformly in e. 

Proof. Using the linearity of ([6|) testing with 6{uf — u™), m, n G N we obtain as in 

0 

l|Vx.<-<IL.(0)< (^(i + K-<ir)'' 

And dl]) gives 

\\VxAu:-uT)h.^n)<C\\fn-fm\\l 


where C is independent of e and n, whence Poincare’s inequality implies 


\\<-u 7 \\v,<C’\\U- fmWh 

(16) 

Similarly we obtain 


||eVx2« - OllLr(Q) < C" Wfn - fmWl 

(17) 


its follows that 

IK-<llwnun)<7ll/"-/-lli 

The last inequality implies that for every e fixed (u^^ieN is a Cauchy sequence in 
Wo^’^(r2), Then there exists Me G Wg^’^(U) such that m" —>■ Me in tU^’^(U), then the 
passage to the limit in ([51) shows that Me is a weak solution of ([5]). Finally (IT51) and 
dm show that uf —>■ Me (resp ^ eVx^uf) in Vp ( resp in L^{M)) uniformly 

in e. □ 


Step3 : Now, we are ready to conclude. Proposition 1, 2 and 3 combined with 
the triangular inequality show that Me uq in Vp and eVx 2 'We —^ 0 in and 

the proof of Theorem 1 is finished. 


2.3. Convergence of the entropy solutions. As mentioned in section 1 the 
entropy solution Me of ([2]) exists and it is unique. We shall construct this entropy 
solution. Using the approximated problem (jS]), one has a lU^’^—strongly converging 
sequence m" — >■ Me G WQ’^(r2) as shown in Proposition 3. We will show that 
Me G TQ’^{kt). Clearly we haveTk(uf) G J?o(U) for every k > 0. Now testing with 
Tk{uf) in m we obtain 


[ ■VTkiuf)dx= [ fnTkiuf)dx 

Jn Jn 

Using the ellipticity assumption we get 
f I / r,M2 Aik 


A(l + e2) 


(18) 


Fix e, k, we have m" ^ Me in LP(f2) then there exists a subsequence (m"' )igN such 
that Me* —>■ Me a.e x G kl and since Tk is bounded then it follows that Tkiuf’-) —)• 
Tk(ue) a.e in U and strongly in whence gTq' (U). 

It follows by (HU) that there exists a subsequence still labelled Tk{uf') such 
that VTk{uf‘) Me,fe G L^(U).The continuity of V on V'[H) implies that Me,fc = 
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VTk{ue), whence Tk{u^‘) —>■ Tk{ue) in H^{n). Now, since Tk{u'^‘) S then 

we deduce that Tk{ue) € Hq{V,). 

It follows [3] that 

/ A^Vue ■ VTk{ue - (p)dx < / fTk{ue - <f)dx 

Ja Jn 

Whence is the entropy solution of ([2]). Similarly the function uq (constructed 
in Proposition 2) is the entropy solution to (O for a.e Xi The uniqueness of uq in 
Vp follows from the uniqueness of the entropy solution of problem ([5]). Finally, the 
convergences given in Theorem 2 follows from Theorem 1. 


Remark 1. Uniqueness of the entropy solutions implies that it does not depend on 
the choice of the approximated sequence {fn)n- 


2.4. A regularity result for the entropy solution of the limit problem. 

In this subsection we assume that it = uji x uj 2 where uji, 102 are two bounded 
Lipschitz domains of R'^, respectively. We introduce the space 

Wp = {uG LP{n) I Vx^u G LP{n)} 

We suppose the following 

/ G Wp and A 22 {x) = ^ 22 (^ 2 ) i.e A 22 is independent of Xi (19) 

Theorem 4. Assume m, ® mi then Uq G W^'P{Ui), where uq is the entropy 
solution of 01. 


Proof. Let (mq) the sequence constructed in subsection 2.2, we have Uq —>■ uq in 
Vp, where uq is the entropy solution of (0) as mentioned in the above subsection. 

Let uj'i CC wi be an open subset, for 0 < h < d{duji,u!'i) and for Xi G ur'i we 
set tI^Uq = Uq{Xi + hei,X 2 ) where Ci = (0,.., 1, ..,0) then we have by (fT^ 


/ A22Vx2('r>o - • '^X2^dX2 = / [r^fn - fn)^dX2 , (f G V{UJ2) 

J UJ2 ^2 

where we have used A 22 {x) = ^ 22 (^ 2 )- 

t 

We introduce the function 9s{t) = J ds, S > 0, t € R we have 

0 

0 < 9'sit) = {6+ \t\r-^ < 6P-^ and | 05 (t)| < 


Testing with ip = t9s C^\ "° ) ^ ('^ 2 )- To make the notations less heavy we 


set 


U = 


'Ph< - < (.Thfn - fn) 


= F 


Then we get 

f B's{U)A 22 Xx,U ■Vx,UdX 2 = [ Fes{U)dX 2 

J OJo ^ Odo 


Using the ellipticity assumption for the left hand side and Holder’s inequality 
for the right hand side of the previous inequality we deduce 

. . P-1 

'• ,2 . 2 


A / B',{fJ)\Xx,U\UX2< . 

^2 P “ 1 


|F| 


Z/P(cJ2) 


{5+\U\YdX2 
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Using Holder’s inequality we derive 

<(f d',(U)iVx,[/l^dX2 


e's{uY-Ux2 


< 




U)-2 
P — 1 \ 2 


e'Yuy-^dx^ 


Then we deduce 

\\Fhr-i..) (£ {S+\U\rdX,^ 

Now passing to the limit as d —>■ 0 using the Lebesgue theorem we deduce 

mrdx,'^ 

and Poincare’s inequality gives 

Now, integrating over uj{ yields 


7 /^ _ 7 /^ 

^ 2C^2 

(rifn - fn) 

h 

LP(u[ X0J2) ~ 

h 


Passing to the limit as n —>■ oo using the invariance of the Lebesgue measure 
under translations we get 


T^Uo - Uo 


< 


2C^ 


LP{uj'^XUl2) 


(FJ - /) 


h 


Lp{ijj'^ XUJ2) 


Whence, since / G Wp then 
T^Uo - Uo " 


<c 

LP{lo'^ Xi02) 

where C is independent of h, therefore we have VxiUq G LP{fl). Combining this 
with Uo S fp we get the desired result. □ 


3. The Rate of convergence Theorem 


In this section we suppose that ft = uji x uj 2 where uji,uj 2 are two bounded 
Lipschitz domains of S'* and respectively. We suppose that A 12 , A 22 and / 

depend on X 2 only i.e A 12 (a:) — Ai 2 (X 2 ), A 22 {x) — ^ 22 (^ 2 ) and f{x) — /(N' 2 ) G 

LP{i02) {1<P<2), f ^LYuJ2). 

Let Ue, Uo be the unique entropy solutions of ([2]), (O respectively then under the 
above assumptions we have the following 

Theorem 5. For every CC uji and m G N* there exists C > 0 independent of 
e such that 

ll^e ~ '^o\\wP{oj[xoj2) — 
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Proof. Let Ue, uo be the entropy solutions of ([2]), ([5]) respectively, we use the ap¬ 
proximated sequence (uf)e,n, iuo)n introduced in section 2. Subtracting ([T^ from 
(0) we obtain 

[ -ul^)-V(pdx = 0, 

Jn 

where we have used that Uq is independent of Xi (since / and A 22 are indepen¬ 
dent of Xi) and that A 12 is independent of Xi. 

Let oj'i CC uJi then there exists uj'i CC w'/ CC uji. We introduce the function 
p € PiuJi) such that Supp{p) C w'/ and p = 1 on a;i( we can choose 0 < p < 1) 
Testing with <p = p^6s{uf — Uq) G (we can check easily that this function 

belongs to Lfg (fl) using approximation argument) in the above integral equality we 
get 


[ p^iu'f - ul)A,V{u: - u^) ■ V« - u^)dx 
Jo. 

= - f p9sK - - uS) ■ Vpdx 

Jn 

= -e^ [ p9s{uf - u^)AnVx,« - u^) ■ Vx.pdx 
Jn 

-e [ p9siuf - Mo)Ai 2 Vjs: 2 « - Uq) ■ X x^pdx 
Jn 

where we have used that p is independent of X 2 . 

Using the ellipticity assumption for the left hand side and assumption (g]) for 
the right hand side of previous equality we deduce 

f 9'siu’:-u^)\pXxA<-Ofdx+X [ 9A<-u^)\pXxA< - <)\^ dx 
JQ Jq 

<AC [ p\9s{u:-vA)\\XxAK-0\dx 
Jn 

+ eC [ p \9s{uf - Uo)| |Vx 2 « - Uo)| da; 

Jn 

of 6^ 

Where C > 0 depends on A and p. Using Young’s inequality ab < -—h c— for 

2c 2 

the two terms in the right hand side of the previous inequality we obtain 

'2^ f 9Au:-u^)\pXxAu':-K)fdx+^ [ 9'sK-u-)\pVxA<-0\"dx 
2 ^ Jn 


^ 2 


< e^C' 


/ XUJ2 


\9siu:-u^)f9Au:-u^r^dx 


Whence 

oA 


^ [ 9Au:-K)\pXxAu:-u^)fdx+^ [ 9Au:-u^)\pVxAn:-<)fdx 

u 0 «/ $*2 

{5+\vA-vA\Ydx 




(p- 1) 


where C" is independent of e and n 
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Now, using Holder’s inequality and the previous inequality we deduce 


,A 


A 


< 


2 \\P^ '“o)llL!>(n) “A 2 '*^o)llLP(n) 

f^'sK - <) IpVx,« -Kt dx] 


+ k[!M<-u^)\p^xA<-uU dx 


(S+K-u^\)Pdx 


I Uj"XU12 


< 


4C" 


[p-iy 


{S+K-u^\)Pdx 


f UJ'^XU2 


Passing to the limit as (5 ^ 0 using the Lebesgue theorem. Passing to the limit 
as n ^ C )0 we get 

WVxAUe - Wo)|lip(,^/ XC.2) + -Mo)|lip(^/ XC.2) (^0) 

< C"'e^ ||(Ue - Uo)|lLP(a;"xi.J2) 

Using Poincare’s inequality 

||(Ue — Wo)||^p(,^/^/x(^2) — ^“^2 II^A:2(^^e “ ''^o) |liP(^" xtja) ’ 
we obtain 

llVxiK - wo)||Lkx<..2) + - ?^o)||Lkx<..2) 

<C"e2||V;f,(u,-uo)|lLK'xc.2) 

Let TO e N* then there exists uj{ CC uj'I CC CC uji. Iterating the 

above inequality to— time we deduce 

llVxiK - wo)||Lkx<..2) + - ?^o)||Lkx<..2) 

<C„e2-||Vx2K-«o)|lL(.«x.2) 

Now, from (001) (with uj[ and uj'( replaced by and respectively) we 

deduce 

e^||Vx.(p. -uojUL,..,;,..,,) + 


— m 


Since Ue —>■ uq in LP{n) then ||ite — wo|lLP(n) i® bounded and therefore we obtain 
ll^e “ '‘^o\\wP{ui[xui2) - 

And the proof of the theorem is finished. □ 


Can one obtain a more better convergence rate? In fact, the anisotropic sin¬ 
gular perturbation problem ([0]) can be seen as a problem in a cylinder becoming 
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unbounded. Indeed the two problems can be connected to each other via a scaling 
e = j (see [S] for more details). So let us consider the problem 

- dW{AVue) = f 
Ui = 0 on dfle 


( 21 ) 


where A = (dij) is a. N x N matrix such that 

dij G X u)2) 


( 22 ) 


3A > 0 : • ^ > A 1^1^ e for a.e x€M.‘> x wa, (23) 

Qi = iuJi X W 2 a bounded domain where wi, wa are two bounded Lipschitz 
domain with wi convex and containing 0. 

We assume that / S ^^(wa) (1 < p < 2) and ^ 22 ( 3 :) = ^ 22 (-^ 2 ), ^ 12 ( 3 ^) = 
^12(-^2)- 

We consider the limit problem 

-div(A22Vx2'«oo) = / 

Moo =0 on dL02 

Then under the above assumptions we have 


(24) 


Theorem 6. Let ui, Uoo be the unique entropy solutions to i21\) and fi24\ ) then for 
every a € (0,1) there exists C > 0, c > 0 independent of i such that 

||V(uf — Moo)|lvui,p(n^^) ^ C'e 

Proof Let Ui, Moo the unique entropy solutions to (1^ and (HI respectively, and 
let (m”) and (u^q) the approximation sequences (as in section 2). we have u" —^ ui 
in WQ’^(n^) and ^ Uoo in Wq^’^(w 2 ).Subtracting the associated approximated 
problems to (1^ and (1^ and take the weak formulation we get 


Av(u’f - u'f^)Vq}dx = 0, p e v{n) 


(25) 


Where we have used that yl 22 , ^ 12 , are independent of Xi. Now we will use 
the iteration technique introduced in [7], let 0 < ^0 < ^ and let p G 
bump function such that 


0<p<l, p=lon £oWi and p = 0 on R'^\(t'o + l)wi, |VxiP| < cq 

where cq is the universal constant (see M)- Testing with p‘^9s{u'2 — G 
in dUD we get 

/ P%iul - M^)iV« - M^) • V{U^ - U-^)dx 


+ 




pOsiu^ - M^)iV(M," - U^) • Xpdx = 0 


Using the ellipticity assumption 


/ r2^ 




<2/ p|05«-OMV(m?-m^) 

J r2^ 


|Vp| dx 
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Notice that Vp = 0 on flig, and C ^^ 4+1 ( since uji is convex and containing 
0). Then by the Cauchy-Schwaz inequality we get 


J 

p|6 »5 « |V(m^ -M^)|da; 


/ 

< 2coC 


2/n' ^,n 


<2coC( / x 

/Of 


where we have used (1^ . Whence we get ( since p = 1 on ) 

[ < [ p%iu^-ul,)\Viu^-ul,)fdx 

^ (^) [ i 6 +\u^-ul,\rdx 

From Holder’s inequality it holds that 

2-p 

<( [ e'siu^ - u-^) |v(«y - u-^)f dx] ( f {6 + lu’i - I " 


\P ly \^J 


{6 +K - ui^irdx / (<5 +1< - ui^irdx 


/O^n 


Passing to the limit as <5 0 (using the Lebesgue theorem) we get 


<Ci 


[ W7 - dx\ X ( f |uy-' 


' f2^0 + lXf2<0 

where we have used 0 < p < 1. Using Poincare’s inequality 

l|V« - < a. ||V« - 

we get 

l|V« - < C 2 IK - 

Using Poincare’s inequality 

W'^l ~ KllLP(nfQ+i\nf^) ^ K 2 l|V(My — K)llLP(njp+i\n^o) 
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Whence 

II 


«^)ll 


p . g3 

- Cs + 1 


l|v(uF 


«^)ll 


p 

LP(neg+i) 


Let a € (0,1), iterating this formula starting from a£ we get 


I|V(.? - < (j^)l|V(«? - 

Whence 

||V« 

'^oo)\\Lp{Qc,t) — ce-'=''||V«-u^)|| 

Lp(Qi) (26) 

where c, c' > 0 are independent of i and n. 

Now we have to estimate the right hand side of (I26p . Testing with 0 (m") in the 
approximated problem associated to m one can obtain as in subsection 2.1 

||V<||^,(^^) < (27) 

Similarly testing with 9{u'^) in the approximated problem associated to (1^ . 
we get 

\\^nULPin,)<C'£i (28) 

Replace (l28l) . (l27l) in (l26l) and passing to the limit as n —>■ oo we obtain the 
desired result. □ 


Corollary 2. Under the above assumptions then for every a G (0,1) there exists 
C > 0, c > 0 independent of e such that 

c 

\W<^ ~ '^^\\w^^p{au}ixu>2) — ^ 

where u^, uq are the entropy solutions to 0) and w respectively 

Remark 2. It is very difficult to prove the rate convergence theorem for general 
data. When f{x) = fi{X 2 ) + f 2 {x) with f\ G LP{uj 2 ) and /2 G W 2 u>e only have 
the estimates 

e||Vxi (Me - wo)|| 

Lp(uj[xuj 2 ) + l|VA2(Me -Mo)|| LP(uj'^ XUJ2) 

+ ||Me - Mo||j^p(^/^xccJ2) - 

This follows from the linearity of the equation, Theorem 5 and the L'^ —theory [8]. 


4. Some Extensions to nonlinear problems and applications 

4.1. A semilinear monotone problem. We consider the semilinear problem 

f - div(AeVMe) = / + a(Me) . 29 ) 

( Me = 0 on dUl ^ ' 

Where the a : M —>■ R is a continuous nonincreasing function which satisfies the 
growth condition 

Va: G R. : |a(a;)| < K{1 + |a;|), K >0 


(30) 
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and / e LP{n) where 1 < p < 2 , f ^ L^(r2) and A is given as in Subsection 
1.2. Clearly the Nemytskii operator u —)• a{u) maps U’{Vl) —>■ UiVl) continuously 
for every 1 < r < oo. The passage to the limit (formally) gives the limit problem 


r - divjf,(Al22(Xi, •)Viio(Xi, •)) = •) + a(uo(Xi, •)) 

\ •) = 0 on 


We can suppose that a(0) = 0. Indeed, in the general case the right hand side 
of (l2^ can be replaced by (a(0) + /) + h{x) where h{x) = a{x) — a(0). Clearly b is 
continuous nonincreasing and satisfies |6(a;)| < (itl + |a(0)|)(l + |a:|). 

First of all, suppose that / G L^(n),then we have the following 

Proposition 4. Assume m, ® and a(0) = 0. Let be the unique weak solution 
in i?o(n) to f2.9l) then eVxiUe 0 in and —)• uq in V 2 where uq in the 

unique solution in V 2 to the limit problem m- 

Proof. Existence of Ue follows directly by a simple application of the Schauder fixed 
point theorem for example. The uniqueness follows form monotonicity of a and the 
Poincare’s inequality. 

Take Ue as a test function in (l29)l then one can obtain the estimates 

e II , ||Vx 2 '*^e|lL 2 (n) J l|We||^ 2 (Q) < C, 

where C is independent of e, we have used that a(ue)uedx < 0 (thanks to 
monotonicity assumption and a(0) = 0). And we also have (thanks to assumption 

m) 


||a(^x.)llL^(0) <^(|f^P+C) 

so there exists v G ug G Vx 2 ^o G L^(n) and a subsequence 

(weJfeGN such that 


a(uej V, Ck^XiUe^ 0, Vx^Uf-k XX2U0, 


Uq in L^(n)-weak 


(32) 


Passing to the in the weak formulation of (|2^ we get 


A 22 XX 2 U 0 ■ Vx 2 Pdx = / fipdx + / vifdx, p G V{Ll) 


(33) 


Take ip = in the previous equality and passing to the limit we get 


A22XX2U0 ■ Xx2Uodx = / fugdx + / vugdx 


( 34 ) 
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Let US computing the quantity 


' VxsK,-uo) 


- Uo) 


dx 


0 < Ik = / 

Jn 

- / {a{uei,) - a{uo)){ue^ - uo)dx 

Jn 

= / fu^^dx-e A12VX2U0 ■ yXtUe^dx - e I A21VXiU^^ ■ Vx^^odx 

«/ Q O •/ O 

- / A22'^X2Uek ■X2Uodx - / ^22Vxs^0 ' rfo; 


+ / fuodx+ / UModx + / a{uo)uei,dx 


+ / a{ue^,)uodx — / a{uo)uodx 

Jn Jn 


(This quantity is positive thanks to the ellipticity and monotonicity assump¬ 
tions). 

Passing to the limit as fc —>■ oo using (EH), dSSD, dSH) we get 
lim/fe = 0 


And finally The ellipticity assumption and Poincare’s inequality show that 

llefcVjVi'Wefc Ili2(f2) ; ll'^X2 ('^efc — Uq) || “ '^0 || ^2 (q) ^ 0 (35) 

Whence (1551) becomes 


A 22 VX 2 U 0 • X 2 ^dx = / ftpdx + / a{uo)ipdx, ip G V{fl) 


||Vx 2 (wej, ~ wo)|| j;^ 2 (n) —>-0 shows that uq G V 2 , and therefore 


(36) 



A 22 VX 2 W 0 • Vx2 



fipdx + 



a{uo)ipdx, if G T>{ilxi) 


Hence uo(Ai,-) is a solution to (I5T]) . The uniqueness in Hq{Qxi) of the the 
solution of the limit problem shows that uq is the unique function in V 2 
which satisfies (1551) . Therefore the convergences (1551) hold for the whole sequence 
(Me)o<e<l- n 


Now, we are ready to give the main result of this subsection 

Theorem 7. Suppose that f G L^{VL) where 1 < p < 2 (we can suppose that 
f ^ LS{VI)) then there exists uq G Vp such that uo(A'i,-) is the unique entropy 
solution to m and we have —>• uq in Vp, eVxiUe —>■ 0 m where Ue is the 

unique entropy solution to i29\} . 

Proof. We only give a sketch of the proof. Existence and uniqueness of the entropy 
solutions to (155)) and m follows from the general result proved in [3]. As in 
proof of Theorem 2 we shall construct the entropy solution u^. we consider the 
approximated problem 

f - div(AeVO = fn + a{uf) 

\ uf = Q on dn 
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We follows the same arguments as in section 2, where we use the above propo¬ 
sition and the following 


/ {a{u) — a{v)9{u — v)dx < 0 

Jn 


Which holds for every u,v € L^(n), in fact this follows from monotonicity of a 


and 9. 


□ 


4.2. Nonlinear problem without monotonicity assumption. Suppose that 
n = wi X UJ 2 where wi, W 2 and consider the following nonlinear problem 

- div(AEVue) = f + B{Uf) 

Ue = 0 on d^l 


(37) 


Where / e LP{n), 1 < p < 2 and B : LP{il) 

operator. We suppose that 

3M > 0, Vu e LP{n) : \\B{u)\\^, < M 


LP{Vl) is a continuous nonlinear 


(38) 

Proposition 5. Assume (0); 0) ,and then: 

1) There exists a sequence (ue)o<e<i C WQ^’^(r2) of an entropy solutions to 
which are also a weak solutions such that 

e||VA,11.11 LP{Q.) > llVxsUell LP(n) 7 l|lle|lLP(n) <^0, 

where Cq > 0 is independent of e( the constant Cq depends only on ft, X, f and 
M). 

2) 7/(ite)o<£<i is OL sequence of entropy and weak solutions to then we have 
the above estimates. 

Proof. 1) The existence of is based on the Schauder fixed point theorem, we 
define the mapping T : LP(yi) —)• LP(yi) by 

V e LP{n) ^ r(u) = u, g 

where u. is the entropy solution of the linearized problem 
— div(7l£V?;e) = f + B{v) 


= 0 on dkl 


(39) 


Since the entropy solution is unique then T is well defined, we can prove easily 
(by using the approximation method) that T is continuous. As in subsection 2.1 
we can obtain the estimates 

e , ||Vx2lle|lLP(n) ! ll'UellLP(n) < C'o 

where Cq is independent of e and v (thanks to (1551) 1 

Now, define the subset 

AT = G Wq’^( n) : e II Vxiii||iP(f2) , IIVx2ii|lLP(n) ’ ll'*^llLP(n) — ^o| 

The subset K is convex and compact in LP(fl) thanks to the Sobolev compact 
embedding C LP{fl). 

The subset K is stable under T (since Cq is independent of v as mentioned 
above). Whence T admits at least a fixed point u. G K, in other words u. is a weak 
solution to dazi) which is also an entropy solution, this last assertion follows from 
the definition of T. 
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2) Let (ue)o<e<i be a sequence of entropy and weak solutions to (IWl) Ue is the 
unique entropy solution to ([3^ with v replaced by Ue and therefore we obtain the 
desired estimates as proved above. □ 

Remark 3. In the general case the entropy solution Ue of 0) is not necessarily 
unique. 

Now, assume that 

fi^) = /(-^2), ^ 22 ( 2 ^) = ^22(-^2), ^ 12 ( 2 :) = ^12(-^2) (40) 

And assume that for every E C Wp bounded in LP{I1) we have 

mnv{B{E)} CW 2 , (41) 

where conv {B{E)} is the closed convex-hull of B{E) in LP(fl). Assumption 
dUD appears strange. We shall give later some concrete examples of operators 
which satisfy this assumption. Let us prove the following 

Theorem 8. Assume (0), 0), fill), iJW o,nd Let (ue)o<£<i C Wq’^{LI) be 

an entropy and weak solution to then for every Q' <ZC LI there exists Cqi > 0 
independent of e such that 

■ ll^tell wi,P(n') ^ C'o' 

Proof. The proof is similar the one given in our preprint [14) . Let (ni)jgN an open 
covering of LI such that Llj C flj+i. We equip the space Z = Wl^^{Ll) with the 
topology generated by the family of seminorms (pj)jgN defined by 

Pj{u) = ||u£lUi,p(n.) 

Equipped with this topology, Z is a separated locally convex topological vector 
space. We set Y = LP{LI) equipped with its natural topology. We define the family 
of the linear continuous mappings 

A^-.Y ^ Z 

defined by: g €Y, A^(g) = where Ve is the unique entropy solution to 

f — div(A£Vne) = g 

I n£ = 0 ondLl 

The continuity of A^ follows immediately if we observe Ag as a composition of 
Ag : y —>■ y and the canonical injection Y ^ Z 

Now, we denote Zyj, Wu the spaces Z, Y equipped with the weak topology 
respectively, then A,. : y^, —>■ is also continuous. 

Consider the bounded (in y) subset 

Ao = G Wp I < Col , 

where Co is the constant introduced in Proposition 5. Consider the subset 
G = f + conv {B{Eo)} where the closure is taken in the topology. Thanks 
to assumption SID and (j38p G is closed convex and bounded in Y. Now for every 
g € G the orbit {Aeg}^ is bounded in Z thanks to Remark 2. And therefore {Aeg}^ 
is bounded in Z^. 
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Clearly the set G is compact in Y-u,. Then it follows by the Banach-Steinhaus 
theorem (applied on the quadruple A^, G, Yw, Z^) that there exists a bounded 
subset F in Zyj such that 

Ve : A,(G) C F 

The boundedness of F in Z^ implies its boundedness in Z .i.e For every j € N 
there exists Gj > 0 independent of e such that 

Ve:p,(A,(G)) <Q 

Let itj be an entropy and weak solution to (1571) then we have itj G Eq as proved 
in Proposition 5 then Ag(/ + B{u^)) = G F for every e, therefore 

■ ll'^^ell wcp(nj) — 

Whence for every CC there exists Gqi > 0 independent of e such that 
Ve : < Gq' 

□ 

Now we are ready to prove the convergence theorem. Assume that 

B : j^F ) —>■ is continuous (42) 

where {LP{n),Ti^p ) is the space LP{n) equipped with the LfQ^(f2)-topology. 
Notice that (HTl) implies that B : L'P{Vt,) —>• U'{Vl) is continuous. Then we have the 
following 

Theorem 9. Under assumptions of Theorem 8, assume in addition suppose 

that ft is eonvex, then there exists uq G Vp and a sequence (ue;.)ken of entropy and 
weak solution to sueh that 

efeVxiMefc ^ 0, ^ x^uo w T^(fl) - weak 

and —>• uq in — strong 

Moreover uq satisfies in 'D'{ui 2 ) the equation 

— divx2(A22Vx2Uo(-Ai, •))=/ + B{uo){Xi, •) 

for a.e Xi G Wi 

Proof. The estimates given in Proposition 5 show that there exists uq G LP{kl) and 
a sequence (tte^)fcgN solutions to (1571) such that 

CfeVxiMefc ^ 0, VxaMcfc ^ XX 2 U 0 and uq in - weak (43) 

As we have proved in Theorem 3 we have uq G Vp. The particular difficulty 
is the passage to the limit in the nonlinear term. This assertion is guaranteed by 
Theorem 8. Indeed, since is convex and Lipschitz then there an open covering 
(nj)jgNj C flj+i and klj C fl such that each flj is a Lipschitz domain (Take an 
increasing sequence of number 0 < /3j < 1 with lim/3^ = 1. Fix Xq G ft and take 
flj = Pjifl — Xq) + xq, since ft is convex then flj C SI. The Lipschitz character is 
conserved since the multiplication by jSj and translations are G°° diffeomorphisms). 

Theorem 8 shows that for every j G N there exists Cj > 0 such that 

ll“e|lwcp(nj) < CUj 
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Since is Lipschitz then the embedding ^ LP{ilj) is compact [T] 

and therefore for each k there exists a subsequence )fe C L^{^j) such that 

|n,-^ uo In, 

By the diagonal process one can construct a sequence (ue^)k such that uq 

in for every j, in other words we have 

Wefc uq in “ strong (44) 

Now passing to the limit in the weak formulation of (EZD we deduce 

— divjf2(yl22Vx2Uo(-’fl, •))=/ + B{uo){Xi, •), 

where we have used (|43)) for the passage to the limit in the left hand side. For 
the passage to the limit in the nonlinear term we have used dm) and assumption 

dm- n 


Example 1. We give a concrete example of application of the above abstract anal¬ 
ysis. Let LI = oji X 102 be a Lispchitz convex domain of x and let A be 

a bounded {N — q) x (N — q) matrix defined on L 02 which satisfies the ellipticity 
assumption. Let us consider the integro-differential problem 


-divx2(A(X2)Vx2w) = 
u{Xi, •) = 0 on 8002 


fiX 2 


h{Xi,Xi,X2)aiuiXi,X2))dXi 


(45) 


where h € L°°{uji x fl) and / € LP{lo 2 ), 1 < p < 2, and a is a continuous real 
bounded function. 

This equation is based on the Neutron transport equation (see for instance cni) 
A solution to (H51) is a function u G Vp Which satisfies (HSl) in I?'( 012 ). suppose 
that 


yxMx[,Xi,X2)GL^iujixn) 

Then we have 


Theorem 10. Under the assumptions of this example, has at least a solution 
in Vp in the sense of V( 102 ) for a.e Xi G wi 


Proof. We introduce the singular perturbation problem 


- divx(AeVue) = /(A 2 ) + 
We = 0 on dLl 


hiX[,Xi,X2)aiufiX[,X2))dXi 


where 


e^I 0 \ 

0 A ) 


Clearly A^ satisfies the ellipticity assumption and it is Clear that the operator 

[ h{X[,Xi,X2)aiuiX[,X2))dX[ 


satisfies assumption (1551) . 
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We can prove easily that the above operator satisfies assumption (|42l) . Indeed, 
let Un ^ u in then there exists a subsequence (constructed by the 

diagonal process) such that > u a.e in fl. Since a is bounded then it follows 
by the Lebesgue theorem that 

J hiXiXi,X2)aiundXiX2))dX[^ j h{X[,X^,X2)a{u{X[,X2))dX[, 

LOl OJl 

in LP(fl). Whence by a contradiction argument we get 

J hiX[,X,,X 2 )a{ur,{XlX 2 ))dX[^ J h{X[,X,,X 2 )a{u{X[,X 2 ))dX[, 

UJl UJl 

in LP{Vt) 

We can prove similarly as in [14] that gB) holds, therefore the assertion of the 
theorem is a simple application of theorem 9 □ 

Remark 4. Notice that the compacity of the operator given in the previous example 
is not sufficient to prove a such result as in the theory uni. This shows the 
importance of assumption 0 wich holds for the above operator. 

Does operator whose assumption (1411) holds admit necessarily an integral repre¬ 
sentation as in (|i5|) ?. 

Example 2. We shall replace the integral by a general linear operator. Let us 
consider the following problem: Find u € Vp such that 

f - divxa iAVx 2 u) = f{X 2 ) + gP{ha{u)) 

\ u(Xi,') = 0 on duj 2 

(46) 

where a, A and / are defined as in Example 1. 

We suppose that g, h € L°°{Ll) with Supp{h) C D compact. Assume Xx^g € 
L°°{Ll) and P : LP{Lt) —>• Lf{oj 2 ) is a bounded linear operator. 

When P is not compact then the operator u —?> gP{ha{u)) is not necessarily 
compact, if this is the case then this operator cannot admit an integral representa¬ 
tion. 

Theorem 11. Under the assumptions of this example there exists at least a solution 
u G Vp to 114(^ 1 in the sense of V( 102 ) for a.e Xi G oji 

Proof. Similarly, the proof is a simple application of theorem 9. □ 

5. Some Open questions 

Problem 1. Suppose that 00 > p > 2. Given f G and consider (0), since 
f G L^then Ue uq in V 2 . Assume that fl and A are suffciently regular .Can one 
prove that ^ uq inVp? 

Problem 2. What happens when f G L^l As mentioned in the introduction there 
exists a unique entropy solution to (0) which belongs to n Wq'^{UL). Can one 

prove that Uc uq in Vf for some 1 < r < Can one prove at least weak 

convergence in L’' for some 1 < r < as given in Theorem 4 ? 
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